We investigate Killing tensors for various black hole solutions of supergravity theories. Rotating black holes of an ungauged theory, toroidally compactified heterotic supergravity, with NUT parameters and two U(1) gauge fields are constructed. If both charges are set equal, then the solutions simplify, and then there are concise expressions for rank-2 conformal KillingStäckel tensors. These are induced by rank-2 Killing-Stäckel tensors of a conformally related metric that possesses a separability structure. We directly verify the separation of the Hamilton-Jacobi equation on this conformally related metric, and of the null Hamilton-Jacobi and massless Klein-Gordon equations on the "physical" metric. Similar results are found for more general solutions; we mainly focus on those with certain charge combinations equal in gauged supergravity, but also consider some other solutions.
Introduction
A higher-dimensional analogue of the Kerr-Newman solution, i.e. a charged and rotating exact black hole solution of the Einstein-Maxwell system in more than four spacetime dimensions, is not known. We do know a higher-dimensional Kerr solution, namely the Myers-Perry solution [1] , which describes an uncharged rotating black hole; and we also know a higher-dimensional Reissner-Nordström solution, again given in [1] , which describes a charged non-rotating black hole. There has also been some more recent work on a higher-dimensional Kerr-Newman solution: the slow rotation limit has been studied by solving to leading order the exact field equations [2, 3] , and there has also been some numerical work [4, 5] . Despite these various approaches, a general exact solution in the context of Einstein-Maxwell theory has so far proved elusive.
However, the main motivation for studying higher-dimensional black holes is from string theory and M-theory, for which the relevant gravitational theories are generally not EinsteinMaxwell theories, but instead supergravity theories. There has been rather more success in studying charged and rotating exact black hole solutions of these supergravity theories. This is because ungauged supergravity theories possess global symmetries, and these global symmetries provide a mechanical solution generating technique that produces a charged solution from an uncharged solution. Starting from the Myers-Perry solution, which is an asymptotically flat uncharged rotating black hole in spacetime dimension D ≥ 4, one can generate asymptotically flat charged rotating black holes that carry various numbers of abelian U(1) charges. Examples of solutions obtained in this way are: the four-charge Cvetič-Youm solution in D = 4 [6, 7] , the three-charge Cvetič-Youm solution in D = 5 [8] , and the two-charge Cvetič-Youm solution in D ≥ 4 [9] (in the original context of toroidally compactified heterotic supergravity, the dimension also satisfies D ≤ 9, but the construction generalizes to any dimension D ≥ 4). The two-charge Cvetič-Youm solution is a special case of the fourand three-charge solutions in D = 4 and D = 5 respectively, and so, as emphasised in [10] , underlies solutions in a variety of dimensions.
However, when studying the AdS/CFT correspondence [11, 12, 13] (see [14] for a review), it is instead asymptotically anti-de Sitter solutions of gauged supergravity theories that are of interest. These gauged supergravity theories do not possess the global symmetries of their ungauged counterparts, so there is no similar charging procedure, making the construction of charged and rotating black hole solutions less straightforward. Rather than systematic construction, some degree of guesswork is required. Nevertheless, such guesswork can be minimized and well-motivated in certain special cases, and there have been some successful extensions from ungauged supergravity solutions to gauged supergravity solutions. All known constructions possess "symmetry", in a different sense of the word to the global symmetries that we have mentioned; these solutions involve Killing vectors, tensors or spinors: symmetries specific to certain solutions of a particular theory.
Work has concentrated on gauged supergravity theories in spacetime dimensions D = 4, 5, 6, 7. All known solutions truncate to the Cartan subgroup of the full gauge group, namely U(1)
4 ⊂ SO (8) in D = 4, U(1) 3 ⊂ SO (6) in D = 5, U(1) ⊂ SU(2) in D = 6, and U(1) 2 ⊂ SO(5) in D = 7. In higher spacetime dimensions, there are multiple angular momenta: in D = 2n+ε dimensions, ε = 0, 1, the rotation group SO(D−1) has rank ⌊(D−1)/2⌋ = n−1+ε, which is the number of independent angular momenta describing rotation in orthogonal 2-planes. There should be general black hole solutions of these gauged supergravity theories with the maximum number of independent angular momenta and independent U(1) charges, in addition to a mass parameter and an arbitrary gauge-coupling constant. Only for the D = 6, SU(2) gauged supergravity theory is such a solution known [15] . Such general solutions would include: in the ungauged limit, cases of the various Cvetič-Youm solutions [6, 7, 8, 9] ; in the uncharged limit, the higher-dimensional Kerr-AdS solution [16, 17] (see also [18] for the presentation that we use); and in the non-rotating limit, static and spherically symmetric charged black holes in gauged supergravity, which are known in four [19] , five [20] , six [21] and seven [22, 23] dimensions.
There are three simplification strategies to obtain exact black hole solutions that are charged and rotating in various gauged supergravity theories:
1. Restricting to supersymmetric solutions.
2. Setting all of the angular momenta equal.
3. Setting certain combinations of charges equal.
As we shall explain, each of these is or seems to be associated with some type of extra symmetry, respectively:
1. The existence of a Killing spinor.
2. The existence of extra Killing vectors.
3. The existence of special rank-2 Killing-Stäckel tensors.
Underlying the first approach of considering only supersymmetric solutions are classifications of all such solutions. From the supersymmetry transformation rule of a gravitino, a supersymmetric solution must possess a Killing spinor: a supercovariantly constant spinor. The existence of such a spinor restricts the possible supersymmetric solutions; such solutions can be written in a canonical form adapted to the spinor. The classification must be considered separately for different theories in different dimensions, and has been carried out for various supergravity theories, both ungauged and gauged, in various dimensions. Since the classification becomes more implicit as the dimension is increased, this approach is most fruitful in low dimensions. For example, building on the classification of supersymmetric solutions of minimal five-dimensional gauged supergravity [24] , supersymmetric anti-de Sitter black holes have been constructed in five dimensions [25, 26, 27] . Nevertheless, supersymmetric anti-de Sitter black holes have also been successfully found without such a formalism in a variety of dimensions as limits of non-extremal solutions.
Underlying the second approach of equal angular momenta, which of course can only apply in dimensions D ≥ 5, is an enhancement of the rotational symmetry group. If certain 2-planes have the same rotation parameter, then the symmetry between these planes is realised by extra Killing vectors that "rotate" these 2-planes amongst each other. Such Killing vectors for the higher-dimensional Kerr-AdS metric are explicitly given in [28] . The rotational symmetry group in D = 2n + ε dimensions is generally U (1) n−1+ε , but if all of the angular momenta are equal and non-zero, then it is enhanced to U(n − 1 + ε). Much of the angular dependence of the metric can then be packaged into a Fubini-Study metric on CP n−2+ε [16, 17] , which is U(n − 1 + ε)-invariant. This extra symmetry continues to hold with the inclusion of charges. Gauged supergravity black holes have been constructed through this approach in five [29] and seven [30] dimensions.
The third approach of setting certain combinations of charges equal is what we mainly, but not exclusively, consider in this paper. The simplification is that there are certain vielbeins through which the solutions can be written rather simply, generalizing the manner in which the higher-dimensional Kerr-AdS metric is presented in [18] . With these vielbeins, we can present the solution so that certain coordinates and parameters appear on an equal footing, i.e. there are discrete symmetries that permute coordinates and parameters (this is yet another sense of the word "symmetry"). Such an approach has been used to simplify the two-charge Cvetič-Youm solution of ungauged supergravity when both charges are equal [10] , from which one can conjecture fairly tight ansatzes to find gauged generalizations. Using this simplification of setting certain combinations of charges equal, charged and rotating black holes in gauged supergravity were constructed in four [7] , five [31, 32, 33, 34] , six [15] and seven [10] dimensions. In both the D = 5 and D = 7 gauged supergravity cases, the simplification leaves us now only one independent parameter away from obtaining a gauged solution with all angular momenta and charges independent: there is a solution with all angular momenta independent and two of the three U(1) charges independent in D = 5 [34] , and with all angular momenta independent and both U(1) charges equal in D = 7 [10] . As noted above, in the D = 6 case, for which there is only one U(1) charge, a general charged and rotating gauged solution is known.
The equal charge simplification has applications other than merely being a guide to conjecturing the form of new solutions. Its vielbeins are advantageous when it comes to performing calculations with these solutions, for example it is possible to compute the curvature to check explicitly that the uncharged Kerr-NUT-AdS solution in any dimension solves the Einstein equation [35] . Furthermore, many black hole solutions in higher dimensions possess various types of symmetric or antisymmetric Killing or conformal Killing tensors, which are generalizations of Killing or conformal Killing vectors to higher rank tensors. There can be simple expressions for symmetric (conformal) Killing-Stäckel tensors in terms of the vielbeins; conversely, one can regard the simplest choice of vielbeins as being adapted to such tensors. For Killing tensors of the higher-dimensional Kerr-NUT-AdS metric, see [38, 39, 40, 41] (see also [42, 43] for a review); in this uncharged case, the symmetric (conformal) Killing-Stäckel tensors can be obtained from antisymmetric (conformal) Killing-Yano tensors. The existence of such tensors underlies the separability of, for example, the Hamilton-Jacobi equation for geodesic motion and the Klein-Gordon equation. For the higher-dimensional Kerr-NUT-AdS metric, the separation of various equations has been explicitly carried out [44, 45, 46, 47, 48] . This paper aims to further explore a variety of black hole solutions in supergravity theories, studying geometrical aspects of known solutions. In particular, we study (conformal) Killing tensors of their metrics, which leads to separability structures and the separation of equations such as the Hamilton-Jacobi equation.
To put the results into context, we first construct a higher-dimensional charged Kerr-NUT solution in ungauged supergravity that carries two U(1) charges, which is a generalization of the two-charge Cvetič-Youm solution to include NUT parameters. It can be viewed as a solution of toroidally compactified heterotic supergravity and in certain dimensions as a solution of the ungauged limit of gauged supergravity theories. The general solution is rather complicated, and so we immediately truncate to the sector with both charges equal, in which case the solution simplifies substantially. This equal charge simplification is a generalization of that in [10] , which dealt with the two-charge Cvetič-Youm solution with both charges equal, which is in turn a generalization of the way the Myers-Perry metric was presented in [18] . For the most part, however, we are not concerned with solutions that have NUT parameters. We mainly consider various black hole solutions in gauged supergravity theories that have certain combinations of charges equal. Then we consider certain solutions with unequal charges in ungauged and gauged supergravity, in particular, in four dimensions, the two-charge and then the four-charge Cvetič-Youm solutions.
We obtain various (conformal) Killing-Stäckel tensors, unifying some that have appeared in the literature. In all cases, for any dimension D, these tensors are induced by KillingStäckel tensors of a conformally related metric. There is, however, a difference between D = 4 and D ≥ 5 for the two-charge Cvetič-Youm solution (with NUT parameters) with both charges equal, in that such Killing-Stäckel tensors give rise to Killing-Stäckel tensors of the "physical" metric in D = 4, but only conformal Killing-Stäckel tensors in D ≥ 5. The constants of motion for the conformally related metric are found to be in involution, so geodesic motion on the conformally related metric is completely integrable in the sense of Liouville. We furthermore see that the conditions for a separability structure for the conformally related metric are satisfied, so the Hamilton-Jacobi equation is separable for this metric. We check directly that the Hamilton-Jacobi equation for geodesic motion on the conformally related metric separates, and also see that the massless Klein-Gordon equation of the "physical" metric separates. The outline of this paper is as follows. In Section 2, we construct a higher-dimensional Kerr-NUT solution with two U(1) charges in ungauged supergravity, which generalizes the two-charge Cvetič-Youm solution to include NUT parameters. In Section 3, we consider the hidden symmetries and separability properties of this solution, showing that there is a conformally related metric that possesses Killing-Stäckel tensors and a separability structure, and we also verify separation directly. In Section 4, we consider black holes in D = 4, 5, 6, 7 gauged supergravity theories that have certain combinations of charges set equal; in each case, for a conformally related metric, we find Killing-Stäckel tensors and a separability structure. In Section 5, we consider certain black holes in ungauged supergravity theories, including the two-charge and four-charge Cvetič-Youm solutions in four dimensions, again finding KillingStäckel tensors and a separability structure for a conformally related metric. We conclude in Section 6.
Higher-dimensional charged Kerr-NUT
We first construct a higher-dimensional charged Kerr-NUT solution, which generalizes the two-charge Cvetič-Youm solution [9] to include NUT parameters. Even though we are largely not concerned with the NUT parameters, it is easier for general calculations and for context to include them, because they appear on a symmetrical footing to the mass parameter. The construction involves charging up the uncharged higher-dimensional Kerr-NUT solution using a solution generating technique.
Charging procedure
We consider a Lagrangian that appears as a truncation of the bosonic sector of various supergravity theories, for example of heterotic supergravity compactified on a torus. It also appears as the ungauged limit of truncations of certain gauged supergravity theories that are of interest because of the AdS/CFT correspondence. The Lagrangian in D ≥ 4 spacetime dimensions is
where
2)
It can be more convenient to dualize the two-form potential and three-form field strength in favour of a (D − 4)-form potential and (D − 3)-form field strength. The dual Lagrangian is
and
The Lagrangian (2.1) may be obtained from reducing on a circle the (D + 1)-dimensional "bosonic string theory" Lagrangian
Reduction of the Einstein-Hilbert term gives a scalar φ 2 , i.e. a dilaton, and a one-form potential A 2 (1) . Reduction of the three-form field strength gives another one-form potential A 1 (1) . The metric reduction ansatz is 6) and the three-form field strength decomposes aŝ
here denoting the (D + 1)-dimensional three-form field strength with a hat for clarity. The Lagrangian in the form (2.1) is then recovered by rotating the two scalars, defining
We may therefore systematically charge up a solution of the vacuum Einstein equation in D dimensions, which solves the field equations of the D-dimensional Lagrangian, lifting to D + 1 dimensions, performing a Lorentz boost along the extra coordinate, 9) and then reducing back to D dimensions. The second charge is introduced by swapping A 1
and A
2
(1) before repeating the procedure with a second boost parameter δ 2 . Using this solution generating technique that charges up an uncharged solution, by starting with the Myers-Perry metric [1] , which describes an uncharged black hole with all angular momenta independent, one can obtain the two-charge Cvetič-Youm solution [9] (although a different method was used originally). We shall generalize to include further NUT parameters, because then the symmetries of the solution become more apparent.
Higher-dimensional Kerr-NUT
The uncharged solution that we consider is the higher-dimensional Kerr-NUT metric, which is the zero cosmological constant limit of the Kerr-NUT-AdS metric [18] . It is a generalization of the Myers-Perry metric [1] : as well as a mass parameter, the solution contains a number of NUT parameters. By appropriate analytic continuation, these mass and NUT parameters may be placed on a symmetrical footing.
Even dimensions D = 2n
The analytically continued Kerr-NUT metric in even dimensions is
The notation ′ indicates that we exclude from a product the factor that vanishes. We have used rescaled Boyer-Lindquist coordinatesφ i for the azimuthal angles; these are related to canonically normalized Boyer-Lindquist coordinates φ i bỹ
The Lorentzian metric is recovered by the analytic continuations x n = ir and m n = −im; r is a radial coordinate and m is a mass parameter. These same analytic continuations convert the charged analytically continued solutions that appear later to their Lorentzian counterparts.
Odd dimensions
The analytically continued Kerr-NUT metric in odd dimensions is
We have used rescaled Boyer-Lindquist coordinatesφ i for the azimuthal angles; these are related to canonically normalized Boyer-Lindquist coordinates φ i bỹ
The usual Lorentzian metric, for which the negative signature arises from a vielbein that involves some A µ , is recovered by the analytic continuation x n = ir; r is a radial coordinate and m = m n is a mass parameter. This same analytic continuation converts the charged analytically continued solutions that appear later to their usual Lorentzian counterparts.
Harmonic forms
When considering charged generalizations, various harmonic forms for the metrics (2.10) and (2.13) play prominent rôles in the solutions. It is worth recording these explicitly because they appear in the solutions presented here and to set the notation. They may also help in obtaining further solutions or in other applications; for example, the one-forms A µ , which are related to harmonic two-forms, play a key rôle in the generalized multi-Kerr-Schild form of higher-dimensional Kerr-NUT-type metrics [49] .
Recall that a sufficient condition for a p-form G (p) to be harmonic is that it is closed and coclosed: dG (p) = 0 and d ⋆ G (p) = 0. First, we consider harmonic two-forms. In the even-dimensional case, these were discussed in [49] . For even dimensions D = 2n, we have potentials given by B (µ) 16) which give rise to n independent harmonic two-forms G
(1) , where each X µ is an arbitrary function of x µ . For odd dimensions D = 2n + 1, we have potentials given by
again giving harmonic two-forms G
(1) for arbitrary X µ . However, in odd dimensions, these only give n − 1 independent harmonic two-forms, since
(1) = 0. We now specialize to flat space through the choice of X µ given in (2.11) and (2.14) with m µ = 0 and g = 0. Potentials for harmonic one-forms are given by, for even dimensions 18) and for odd dimensions D = 2n + 1,
These give harmonic one-forms on flat space, G (µ)
are all independent, giving n independent harmonic one-forms, but for odd dimensions, we have n µ=1 B (µ) = 0, and so these give only n − 1 independent harmonic one-forms. Again in flat space, we have harmonic two-form potentials, for even dimensions D = 2n, 20) and for odd dimensions D = 2n + 1,
These give harmonic three-forms on flat space, H (µ) (2) . For even dimensions, the B (µ) (2) are all independent, giving n independent harmonic three-forms, but for odd dimensions, we have
(2) = 0, and so these give only n − 1 independent harmonic three-forms. It can be more convenient to instead consider a (D − 4)-form potential for a (D − 3)-form field strength that is dual to a three-form field strength. In flat space, we could consider har-
. Although it is more convenient to use Boyer-Lindquist coordinates to describe the harmonic three-forms, Jacobi-Carter coordinates are convenient for the harmonic (D − 3)-forms. Instead of the time coordinate t and azimuthal coordinates φ i , i = 1, . . . , n − 1 + ε, we have coordinates ψ k , k = 0, . . . , n − 1 + ε defined through a linear transformation so that
Again in flat space, potentials for harmonic (D − 3)-forms are given by, for even dimensions D = 2n, 23) and for odd dimensions D = 2n + 1,
In even dimensions, we have n independent (D − 3)-forms, however in odd dimensions, we have 26) and so these give only give n − 1 independent (D − 3)-forms.
Higher-dimensional Kerr-NUT with two charges
We can apply the charging procedure to the uncharged higher-dimensional Kerr-NUT solution. This gives a solution with two independent U(1) charges. We present the analytically continued form of the solution using Jacobi-Boyer-Lindquist coordinates, presenting directly the metric components g ab . It is convenient to introduce a conformally related metric ds 2 , which is related to the "physical" metric ds 2 by ds
where H 1 and H 2 are functions that we shall specify and are harmonic on flat space. The analytically continued conformally related metric is 27) and the other fields are
where for both even dimensions D = 2n and odd dimensions D = 2n + 1
for even dimensions
, 30) and for odd dimensions
Equal charge solution
We do not study the general two-charge solution any further here, because of its complexity, but instead immediately truncate to equal charges. If both Lorentz boost parameters are set equal in the charging procedure, then the solution obtained simplifies substantially, as has already been noted in the case without NUT parameters [10] , which is the two-charge Cvetič-Youm solution with equal charges. In this case s 1 = s 2 = s and c 1 = c 2 = c, and so it follows that
. There are some generalizations of these solutions to gauged supergravity; we shall recall these gauged solutions when we require them later.
Even dimensions D = 2n
The analytically continued solution is
We may simplify the solution by transforming from the time coordinate t and the azimuthal φ i coordinates to ψ k coordinates, so A µ is given by (2.22) . However, then the expression for the two-form potential becomes rather more complicated. It is instead more convenient in these coordinates to give an expression for a dual (D − 4)-form potential (2.4),
We may simplify the solution by transforming from the time coordinate t and the azimuthal φ i coordinates to ψ k coordinates. The metric is then expressed as 37) where again A µ is given by (2.22), which also enters the same expression for the one-form potential, and
Again, the two-form potential becomes rather more complicated in these coordinates, and it is instead more convenient to give an expression for a dual (D − 4)-form potential (2.4)
Four dimensions
In four dimensions, our higher-dimensional two-charge Kerr-NUT solution is a special case of the NUT generalization of the four-charge Cvetič-Youm solution obtained in [7] ; namely, two charge parameters vanish: δ 3 = δ 4 = 0. More recently, a four-dimensional charged Kerr-NUT solution carrying a single charge has been obtained [50] . This one-charge solution is a special case of the two-charge solution given above. To see this, we perform the following coordinate changes on the metric given in [50] :
Dropping the primes, the metric is ds
The other fields also match, after rotating the scalars and normalizing, with the one-form potentials differing by only an exact form.
Hidden symmetry
The Kerr solution in four dimensions possesses, in addition to the two independent Killing vectors that represent time translation invariance and axisymmetry, a non-trivial rank-2 KillingStäckel tensor [36] . This Killing tensor generates a hidden symmetry, giving rise to a constant of motion that renders geodesic motion in the spacetime integrable [37] . The solutions that we consider in this paper can all be thought of as generalizations of the Kerr solution, and we shall see that, to some extent, they possess similar properties. We now review the key concepts relevant to hidden symmetry and apply them to the higher-dimensional charged Kerr-NUT solution that we have constructed.
Killing tensors
In addition to Killing vectors, the higher-dimensional Kerr-NUT-AdS metric is known to possess various higher-rank Killing tensors, which are generalizations of Killing vectors. These tensors are either symmetric, known as Killing-Stäckel (or Killing or Stäckel) tensors, or antisymmetric, known as Killing-Yano (or Yano) tensors. We focus here on the symmetric Killing-Stäckel tensors, since antisymmetric Killing-Yano tensors are not known for the charged solutions that we consider here. It should be noted, however, that in the uncharged case of Kerr-NUT-AdS, there is a rich structure of both Killing-Stäckel and Killing-Yano tensors, and in particular they can all be obtained from a principal conformal Killing-Yano tensor [38, 39, 40, 41] (see also [42, 43] for a review).
A rank-2 Killing-Stäckel tensor
The metric is a trivial example of such a tensor. More generally, a rank-2 conformal Killing-
for some covector q a . The metric multiplied by any scalar function is a trivial example of such a tensor. We may express q a in terms of the conformal Killing-Stäckel tensor as
It is useful to introduce definitions of a rank-2 conformal Killing-Stäckel tensor being of gradient type or of self-gradient type, for example as used in [51] . If q a is a gradient, i.e. q a = ∂ a q for some scalar q, then the rank-2 conformal Killing-Stäckel tensor is said to be of gradient type. In this case, one may then construct an associated Killing-Stäckel tensor
If q a = Q a b ∂ b q for some scalar q, then the rank-2 conformal Killing-Stäckel tensor is said to be of self-gradient type. In this case, we shall later note that Q ab is a Killing-Stäckel tensor for a conformally related metric.
If k 1 and k 2 are Killing vectors, then we may trivially construct a rank-2 Killing-Stäckel
. A rank-2 Killing-Stäckel tensor that can be expressed as a linear combination of such symmetrized products of Killing vectors and the metric is said to be reducible, otherwise it is said to be irreducible. Similarly, the symmetrized product of two conformal Killing vectors is a conformal Killing-Stäckel tensor, and so one may similarly define a rank-2 conformal Killing-Stäckel tensor to be reducible or irreducible.
The definitions of (conformal) Killing-Stäckel tensors may be extended to tensors of rank higher than 2: a rank-k Killing-Stäckel tensor
and a rank-k conformal Killing-Stäckel tensor 
then Q a 1 ...a k is a conformal Killing-Stäckel tensor for the metric ds 2 = e 2Ω ds 2 , satisfying
Specializing to the rank-2 case again, we see that Q ab being a conformal Killing-Stäckel tensor of self-gradient type for some metric ds 2 , with q a = Q ab ∂ b q, is equivalent to Q ab being a Killing-Stäckel tensor for the conformally related metric ds 2 = e −q ds 2 .
Integrability and separability structure
The Schouten-Nijenhuis bracket of two symmetric contravariant tensors A If
If all of the Schouten-Nijenhuis brackets of these tensors vanish, then geodesic motion is completely integrable in the sense of Liouville; equivalently, the conserved quantities associated with these tensors Poisson commute, i.e. are in involution.
If a metric possesses enough Killing vectors and Killing-Stäckel tensors that satisfy certain conditions, then the metric possesses a separability structure, which implies that the Hamilton-Jacobi equation for geodesic motion is separable [52, 53, 54, 55] 
We shall consider charged solutions for which irreducible conformal Killing-Stäckel tensors, but not irreducible Killing-Stäckel tensors, are known. One might then expect that the Hamilton-Jacobi equation
where W is Hamilton's characteristic function and µ represents a particle mass, separates for only null geodesics, i.e. for the null Hamilton-Jacobi equation, which has µ = 0. Although separability structures for the Hamilton-Jacobi equation were studied a long time ago, only more recently has there been study of the null Hamilton-Jacobi equation [51] , where criteria for separability are given. One such criterion is that the null Hamilton-Jacobi equation is separable in the coordinates x a if and only if there is a nowhere-vanishing function Λ(x a , p a ) such that the Hamilton-Jacobi equation for the modified HamiltonianH = H/Λ is separable. For our study of geodesics, the Hamiltonian is
If the Hamilton-Jacobi equation separates for some conformally related metricg ab , then the null Hamilton-Jacobi equation for the original "physical" metric g ab separates.
Charged Kerr-NUT symmetries
We consider here the charged Kerr-NUT solution with two equal charges that we constructed in the previous section. Its analytically continued metric is given in (2.32) for even dimensions and in (2.35) for odd dimensions. Setting s = 0 in the charged solution recovers the higher-dimensional Kerr-NUT metric [18] , and so we first recall some facts about the higher-dimensional Kerr-NUT metric given in analytically continued form by (2.10) for even dimensions and (2.13) for odd dimensions. In fact, we can consider the wider family of metrics for which each function X µ that appears in the metric is an arbitrary function of x µ . Therefore we include, for example, higher-dimensional Kerr-NUT-AdS, but not the charged solutions of this paper, for which there are various extra factors of harmonic functions. It is clear that, in D = 2n + ε dimensions, there are n + ε Killing vectors given by ∂/∂ψ k , k = 0, . . . , n−1 + ε. The family of metrics also possesses n−1 irreducible rank-2 Killing-Stäckel tensors, found in [39, 40] ; these may be concisely expressed in terms of a simple set of vielbeins. The metric is trivially also a Killing-Stäckel tensor.
The conditions for a separability structure are satisfied, and one can check directly that the Hamilton-Jacobi and Klein-Gordon equations separate [44] .
For investigating whether or not there are (conformal) Killing-Stäckel tensors for the charged solution that we have constructed, we restrict ourselves to the simpler equal charge case, which can be presented with vielbeins that generalize those of the uncharged case in a simple way. The (analytically continued) "physical" metric is 12) where the vielbeins are
For brevity, we have defined 14) so N µ = m µ x µ for even dimensions, and N µ = m µ for odd dimensions, as we used when presenting the general two-charge solution. We have also defined, in odd dimensions,
note that P 2 = A (n) . However, from the geometrical viewpoint of hidden symmetries, it seems that the metric ds 2 = H −2/(D−2) ds 2 , conformally related to the "physical" metric ds 2 , is more fundamental, in that it possesses irreducible rank-2 Killing-Stäckel tensors that generalize those of the higher-dimensional Kerr-NUT metric. The conformally related metric is
where the vielbeins arẽ
Denoting tangent space indices by A = {µ,μ} in even dimensions and A = {µ,μ,0} in odd dimensions, we haveẽ
Henceforth, we shall make use of these two types of metric. We shall refer to the Einsteinframe metric ds 2 (the "physical" metric) as one that solves the usual supergravity field equations, derived from a Lagrangian of the form L D = R ⋆ 1 + . . ., including any analytic continuations that may be convenient. We shall refer to the Jordan-frame metric ds 2 as one that is related to the Einstein-frame metric by ds 2 = H −2/(D−2) ds 2 , or with some similar conformal factor, again including any analytic continuations. In the context of non-critical string theory in arbitrary dimension D, ds 2 would be known as the string-frame metric.
From the first Cartan structure equation dẽ
A +ω A B ∧ẽ B = 0 and the antisymmetry ω AB = −ω BA , the connection one-forms arẽ
where the last two sets of one-forms,ω µ0 andωμ0, exist for odd dimensions only. We may then compute covariant derivatives with ease through the Ricci rotation coefficientsω ABC , defined byω
A BCẽ C . Note that these expressions for the coefficients do not depend much on the details of the functions X µ , which is why the discussion of symmetries here is valid for X µ being arbitrary functions of x µ . In the uncharged case H = 1, these connection one-forms reduce to those of [35] .
Again, there are n + ε Killing vectors given by ∂/∂ψ k , k = 0, . . . , n − 1 + ε. The Jordanframe metric ds 2 also has n − 1 irreducible Killing-Stäckel tensors given by
where j = 1, . . . , n−1. The metric, which is trivially a Killing-Stäckel tensor, is obtained from j = 0. Again, each function X µ that appears in the metric can be an arbitrary function of x µ . As a consequence, the Einstein-frame metric has n − 1 irreducible conformal Killing-Stäckel tensors given by
The associated covector has non-vanishing components
For charged solutions, which have H = 1, then only in the D = 4 case, for which we must have j = 1, is q (j) a a gradient. In this case, we have q
and so we can obtain an irreducible Killing-Stäckel tensor for the Einstein-frame metric,
We find that the Schouten-Nijenhuis brackets amongst Killing vectors and Killing-Stäckel tensors of the Jordan-frame metric ds 2 vanish. ∂/∂x µ are clearly orthogonal eigenvectors of the conformal Killing-Stäckel tensors, when viewed as linear maps, and commute with each other and with the Killing vectors. Therefore we have a separability structure, and so the Hamilton-Jacobi equation for the Jordan-frame metric ds 2 is separable, and the HamiltonJacobi equation for null geodesics of the Einstein-frame metric ds 2 is separable. Note that, since the Schouten-Nijenhuis bracket may be expressed in terms of partial derivatives, it follows that the Schouten-Nijenhuis brackets amongst Killing vectors and the induced (conformal) Killing-Stäckel tensors of the Einstein-frame metric also vanish.
In four dimensions, without any NUT parameter, the two-charge Cvetič-Youm solution with both charges equal was originally obtained in [56] . A rank-2 Killing-Stäckel tensor for the Einstein-frame metric has previously been obtained in [57] , in which the separability structure conditions were verified and the Einstein-frame Hamilton-Jacobi equation was directly separated.
Charged Kerr-NUT separability
We have seen that the charged Kerr-NUT solution with two equal charges has an Einsteinframe metric that is conformally related to a Jordan-frame metric that possesses a separability structure. Therefore the Hamilton-Jacobi equation for the Jordan-frame metric is separable, and so the null Hamilton-Jacobi equation for the Einstein-frame metric is separable. For an Einstein metric, the existence of a separability structure also implies the separability of the Klein-Gordon equation. Since we are including charge in our solutions, the separability structure does not guarantee such separation, but we shall see that there is separation for the massless Klein-Gordon equation of the Einstein-frame metric. We now proceed with a direct demonstration of the separability of these equations.
We first need to compute inverse metrics, which is a straightforward task for our choice of coordinates and vielbeins. For the Jordan-frame metric ds
(3.24)
The inverse of the Einstein-frame metric ds 2 is (∂/∂s)
Hamilton-Jacobi equation
The Hamilton-Jacobi equation for geodesic motion on the Jordan-frame metric is
where λ is an affine parameter. To demonstrate the separation directly, we essentially follow the calculation of [44] for the higher-dimensional Kerr-NUT-AdS metric, so we shall be slightly brief here. We consider a separable solution of the Hamilton-Jacobi equation,
where Ψ k are constants that arise from momenta conjugate to the ignorable coordinates ψ k . Substituting the separable solution into the Hamilton-Jacobi equation gives 27) where 28) and S ′ µ denotes the derivative of S µ with respect to x µ . It can be shown [44] that (3.27) is satisfied by
where c k are arbitrary constants, with c 0 = −µ 2 and, in odd dimensions,
which can be solved by quadratures, and so we have demonstrated the separation. We now return to the Hamilton-Jacobi equation for the Einstein-frame metric, withg ab in (3.25) replaced by g ab = H −2/(D−2)gab . Again, we substitute the separable solution (3.26) into the Hamilton-Jacobi equation to give, instead of (3.27),
For the null Hamilton-Jacobi equation, which has µ = 0, separation proceeds in the same manner as for the Jordan-frame metric ds 2 . For µ = 0 and D ≥ 5, no choice of F µ can satisfy this equation, because H 2/(D−2) is not a rational function. For µ = 0 and D = 4, we have 32) and so 33) which again can be solved by quadratures.
Klein-Gordon equation
The (minimally coupled) Klein-Gordon equation for the Einstein-frame metric is
where g = det(g ab ). For this metric, we have
The direct demonstration of separability again follows [44] closely, so we shall be brief here.
We consider a separable solution of the Klein-Gordon equation,
where again Ψ k are constants that arise from momenta conjugate to the ignorable coordinates ψ k . Substituting the separable solution into the Klein-Gordon equation gives
For µ = 0, the massless Klein-Gordon equation, separation is possible. It can be shown [44] that (3.38) is satisfied for µ = 0 by
where b k are arbitrary constants, with b n = Ψ 2 n /c 2 in odd dimensions. We therefore have
These are second order ordinary differential equations for R µ (x µ ), and so we have demonstrated the separation. For µ = 0 and D ≥ 5, no choice of G µ can satisfy (3.38), because
is not a rational function. For µ = 0 and D = 4, we have 42) and so
which demonstrates the separation.
Equal charge gauged supergravity black holes
We now extend this study of Killing tensors to various charged and rotating black hole solutions in gauged supergravity that have some combination of charges equal, generalizing those of ungauged supergravity. (Conformal) Killing-Stäckel tensors for some of these black holes have appeared in the literature already [58, 59, 60] ; here, we obtain further (conformal) Killing-Stäckel tensors and present those that correspond to equal charge black holes in a more unified manner, and see that they have concise expressions when expressed using an appropriate choice of vielbeins. Furthermore, we see that these are induced from Killing-Stäckel tensors of a conformally related Jordan-frame metric. Again, in all of these cases, there is no dependence on the precise expressions for the functions X µ that appear in the metric as far as obtaining Killing tensors is concerned, provided that each X µ is a function of x µ . We again find that for the Jordan-frame metric geodesic motion is completely integrable in the sense of Liouville and furthermore the conditions for a separability structure are satisfied. Therefore the Hamilton-Jacobi equation of the Jordanframe metric and hence also the null Hamilton-Jacobi equation of the Einstein-frame metric separate. Separability of the Hamilton-Jacobi equation has previously been directly verified in [58] for the D = 4 example considered here, and in [59, 60] for the some of the D = 5 examples considered here.
Four dimensions
Kerr-NUT-AdS solution with pairwise equal charges: In D = 4, there is a U (1) 4 gauged supergravity theory, and a black hole solution with pairwise equal charges was found in [7] . In this pairwise equal charge case with both a mass parameter and a NUT parameter, an irreducible Killing-Stäckel tensor was found in [58] , and agrees with that presented here, up to a reducible Killing-Stäckel tensor 2 . The Lorentzian metric is
where Plebański-Demiański solution with pairwise equal charges: One of the very earliest known vacuum solutions of general relativity is the C-metric, which describes a pair of uniformly accelerating black holes. A more general solution that includes the Kerr-NUT-AdS solution and the C-metric is the Plebański-Demiański solution [61, 62] . There is correspondingly a generalization, to include an acceleration parameter, of the Kerr-NUT solution with pairwise equal charges in the U(1) 4 ungauged supergravity theory; no gauged generalization is currently known. The Lorentzian metric is
Considering the general form of the vielbeins compared to those of the solution without the acceleration parameter, we see that they differ by an overall conformal factor; less importantly for our purposes, the functions R and Y also differ. As a consequence, we can immediately write down (conformal) Killing-Stäckel tensors for this solution with an acceleration parameter. Therefore, for the Jordan-frame metric, which has vielbeinsẽ
there is an irreducible Killing-Stäckel tensor
Returning to the Einstein-frame metric, we therefore have an irreducible conformal KillingStäckel tensor
which is not of gradient type.
Five dimensions
In D = 5, there is a U(1) 3 gauged supergravity theory, and various black hole solutions are known. The ungauged supergravity black hole with equal charges that we have considered previously, namely the two-charge Cvetič-Youm solution with equal charges, should be regarded as having three charge parameters with δ 1 = δ 2 and δ 3 = 0. We consider here gauged solutions with charge parameters such that δ 1 = δ 2 and δ 3 = 0, which possesses an irreducible conformal Killing-Stäckel tensor, and with δ 1 = δ 2 = δ 3 , which is the only gauged solution known to possess an irreducible Killing-Stäckel tensor. There is a further generalization [34] with δ 1 = δ 2 and δ 3 arbitrary that interpolates between these two solutions.
Two equal charges, third charge zero, δ 1 = δ 2 , δ 3 = 0: The five-dimensional two-charge Cvetič-Youm solution with both charges equal has a generalization to gauged supergravity [31] . An irreducible conformal Killing-Stäckel tensor was found in [59] , and agrees with that presented here, up to a reducible Killing-Stäckel tensor. The Lorentzian metric is
This particular example falls under the framework of the equal charge ungauged supergravity solutions dealt with in section 3, since the additional parameter, the gauge-coupling constant g, enters the metric only via the functions R and Y . For the Jordan-frame metric, which has vielbeinsẽ
Returning to the Einstein-frame metric, we therefore have an irreducible conformal KillingStäckel tensor which is not of gradient type.
Three
gauged supergravity has all three of its charge parameters equal, δ 1 = δ 2 = δ 3 [32] . It can be regarded as a solution of five-dimensional minimal gauged supergravity. In this case, the irreducible Killing-Stäckel tensor of the uncharged solution, five-dimensional Kerr-AdS, generalizes to the charged solution. The Lorentzian metric is 19) and
We have an irreducible Killing-Stäckel tensor
which agrees with that found in [60] , up to a reducible Killing-Stäckel tensor.
Two equal charges, third charge arbitrary, δ 1 = δ 2 : There is a more general black hole solution [34] of five-dimensional U(1) 3 gauged supergravity that interpolates between these two solutions just discussed [31, 32] , having two of the three charges equal, δ 1 = δ 2 , and the third charge arbitrary. The Lorentzian metric is
where Compared with [34] , we have made the notational changes x → r, y → iy,
For the Jordan-frame metric, which has vielbeinsẽ
Despite the complexity of the solution, it is noteworthy that we have such simple expressions for (conformal) Killing-Stäckel tensors.
The inverse of the Jordan-frame metric is ∂ ∂s
(4.27)
Since the components of (r 2 + y 2 )g ab are additively separable as the sum of a function of r and a function of y, we see directly that the Hamilton-Jacobi equation for geodesic motion on the Jordan-frame metric separate. For the Einstein-frame metric, again the null Hamilton-Jacobi and massless Klein-Gordon equations separate.
Further vacuum generalization: Returning to vacuum solutions, there is a more recent generalization [63] of the five-dimensional Myers-Perry metric, including the black ring with a single rotation parameter [64] as a limiting case. However, no conformal Killing-Stäckel tensor is known for this generalization.
Six dimensions
In D = 6, there is an SU(2) gauged supergravity theory, and a black hole solution with a single U(1) charge was found in [15] . The Lorentzian metric is
A,
(r 2 + y 2 )(r 2 + z 2 ) R dr,
A ,
, q = 2ms 2 , s = sinh δ,
For the Jordan-frame metric, which has vielbeinsẽ A = H −1/4 e A , there are irreducible KillingStäckel tensors
Returning to the Einstein-frame metric, we therefore have irreducible conformal KillingStäckel tensors 
Seven dimensions
In D = 7, there is a U(1) 2 gauged supergravity theory, and a black hole solution with equal U(1) charges was found in [10] . The conformal Killing-Stäckel tensors of the ungauged solution generalize to the gauged solution. More explicitly, the Lorentzian metric is
For the Jordan-frame metric, which has vielbeinsẽ A = H −1/5 e A , there are irreducible Killing-Stäckel tensors
Returning to the Einstein-frame metric, we therefore have irreducible conformal KillingStäckel tensors which are not of gradient type. We have seen that there is a separability structure for this solution, and it is straightforward to check directly the separation of the Hamilton-Jacobi equation for the Jordan-frame metric, the null Hamilton-Jacobi and massless Klein-Gordon equations for the Einstein-frame metric. The only adjustment that needs to be taken into account, compared to section 3.4 with m 1 = m and m 2 = m 3 = 0, is an inverse vielbein of the analytically continued conformally related metric, 38) and then, mutatis mutandis, the separation occurs in the same manner.
Some unequal charge supergravity black holes
Killing tensors for supergravity black holes without the equal charge simplification tend to be rather more complicated. One exception is if all of the angular momenta are set equal, since then, as discussed in the introduction, the rotational symmetry group of the solution is enhanced, and there are additional Killing vectors that make the system completely integrable [28] , so all Killing-Stäckel tensors are reducible.
There are conformal Killing-Stäckel tensors for some unequal charge supergravity black holes that have been studied in the literature. Some of the features of the equal charge cases continue to hold. In particular there is a conformally related Jordan-frame metric with enough Killing-Stäckel tensors, giving constants of motion in involution, to render geodesic motion completely integrable in the sense of Liouville for the Jordan-frame metric. Furthermore, there is a separability structure for the Jordan-frame metric, so the Hamilton-Jacobi equation for the Jordan-frame metric separates, and so the null Hamilton-Jacobi equation for the Einsteinframe metric separates.
Four dimensions
We shall discover some initial understanding of what happens when the charges are unequal by studying black holes in four-dimensional ungauged supergravity. The simplest such example is the two-charge Cvetič-Youm solution, from which we can generalize to the four-charge Cvetič-Youm solution. With these examples, we find that we can simplify the solutions in a fairly algorithmic way.
An irreducible Killing-Stäckel tensor can be read off from the separability of the HamiltonJacobi equation. Such a tensor is not unique, since one can add symmetrized products of Killing vectors and a constant multiple of the metric, i.e. a reducible Killing-Stäckel tensor. There is, however, a privileged Killing-Stäckel tensor. One can regard K a b , with mixed indices, as a linear map. It has eigenvectors, which we shall refer to as eigenforms, i.e. E = E a dx a satisfying
for some eigenvalue λ. In general the eigenvalues will all be distinct, however for the ungauged four-dimensional black holes with independent U(1) charges there is a unique (up to the addition of a constant multiple of the metric) irreducible Killing-Stäckel tensor for which there is a repeated eigenvalue and which has two pairs of repeated eigenvalues in the uncharged limit. This privileged Killing-Stäckel tensor has four eigenforms, and it is natural to write the metric in terms of these privileged one-forms. The result in this four-dimensional case is that the metric has no cross-terms when written in terms of these eigenforms, i.e. one can choose vielbeins to be eigenforms. We shall start by presenting the four-dimensional metric in terms of these eigenforms, since ultimately one wishes to take the metric as the starting point, but we should bear in mind that this form of the metric was derived by a systematic procedure. To summarize, the procedure for obtaining the form of the metric is as follows:
1. Consider the Jordan-frame metric ds 2 , for simplicity.
2. Read off an irreducible Killing-Stäckel tensor K ab from the separability of the HamiltonJacobi equation.
3. Add a constant multiple of the inverse metricg ab to modify K ab so that its part involving dr 2 and dy 2 is symmetric under the interchange of x 2 = −r 2 and y 2 , including interchanging X(x) = R(r) and Y (y); this is convenient as it reproduces the usual symmetric Killing-Stäckel tensor of the uncharged solution.
4. Add symmetrized products of the Killing vectors so that −y 2 is a repeated eigenvalue, and with the correct uncharged limit.
5. Compute the eigenforms for these eigenvalues.
6. Write the metric in terms of these eigenforms.
7.
Transfer the results to the Einstein-frame metric ds 2 .
Two-charge Cvetič-Youm solution
The simplest example to illustrate some features that are different for solutions with unequal charges is to consider the two-charge Cvetič-Youm solution in four dimensions with both U(1) charges arbitrary. The metric is
where 
We see that the vielbeinsẽ A are eigenforms of K. Returning to the Einstein-frame metric, we therefore have an irreducible conformal Killing-Stäckel tensor
e 2 e 2 − r 2 e 3 e 3 . (5.6)
Four-charge Cvetič-Youm solution
The four-charge Cvetič-Youm solution [6, 7] has all four U(1) charges arbitrary. The metric is
and We have presented V and W 2 here in a concise manner that makes clearer what simplification occurs when certain charges are set equal. V and W 2 can be presented so that they are manifestly symmetric in the indices I = 1, 2, 3, 4, namely For the Jordan-frame metric, which has vielbeinsẽ A = (r 2 + y 2 )/W e A , there is an irreducible Killing-Stäckel tensor
We again see that E 1 and E 2 are eigenforms of K. Returning to the Einstein-frame metric, we therefore have an irreducible conformal Killing-Stäckel tensor −r 2 is clearly a repeated eigenvalue of K if the charges are pairwise equal. We can also prove the converse: if −r 2 is a repeated eigenvalue for this privileged Killing-Stäckel tensor, then the charges are pairwise equal. From the expression for V , there are two constraints on the charge parameters δ I , coming from the m and m 2 coefficients. We therefore expect that solutions with the desired property are specified by two, rather than four, charge parameters. Using elementary identities for hyperbolic functions, and helped by writing the m coefficient of V as a difference of two squares, the constraint that arises from the m coefficient of V may be expressed as
Again helped by a difference of two squares, the constraint that arises from the m 2 coefficient of V may be expressed as It is now straightforward to see that the −r 2 eigenvalue being repeated is equivalent to pairwise equal charges.
From the general four-charge metric, the simplification to pairwise equal charges has emerged in a very natural way from purely geometric considerations, by considering the eigenvalues of a privileged Killing-Stäckel tensor.
Five dimensions
We have not yet been able to present the general three-charge Cvetič-Youm solution in five dimensions in a similar manner to the four-charge Cvetič-Youm solution in four dimensions. Here, we collect together some further results for examples from five dimensions.
Three-charge Cvetič-Youm solution
The general three-charge Cvetič-Youm solution [8] of D = 5 ungauged supergravity does not fall within the equal charge simplification that we focus on in this paper. However, an irreducible conformal Killing-Stäckel tensor is known [59] , which again is induced by a KillingStäckel tensor for a conformally related Jordan-frame metric. To be more consistent with the rest of this paper, we alter notation slightly: compared with [ which is in general not of gradient type. The conformal Killing-Stäckel tensor presented here agrees with that of [59] up to a reducible conformal Killing-Stäckel tensor 3 . However, the expressions in terms of vielbeins for the (conformal) Killing-Stäckel tensors that we have given here are not as simple as in the other cases that we have studied. There are cross terms, with non-zero coefficients for e 0 e 2 + e 2 e 0 and e 0 e 4 + e 4 e 0 , and these cross terms cannot be removed by adding reducible (conformal) Killing-Stäckel tensors. This goes to emphasise the fact that the choice of vielbeins that we have used, which are adapted to the Kähler structure that arises from being a supersymmetric solution, does not coincide with the vielbeins that one usually uses for the higher-dimensional Kerr-NUT-AdS solution.
Discussion
We have considered the separability of the Hamilton-Jacobi and Klein-Gordon equations for various metrics that arise from supergravity black holes, which we have seen is related to the existence of (conformal) Killing-Stäckel tensors. Such separation might furthermore be related to the existence of commuting symmetry operators, as has been found for the higher-dimensional Kerr-NUT-AdS metric [68] .
One might next consider the the Dirac equation, which separates for the higher-dimensional Kerr-NUT-AdS metric [45] . However, the separability of the Dirac equation appears to be related to the existence of (conformal) Killing-Yano tensors [69] , and these do not seem to exist for the metrics arising from charged solutions that we have considered here, so separability might not be expected.
We have seen that many of the known supergravity black holes have metrics that are conformally related to metrics with sufficient (hidden) symmetry that geodesic motion on the conformally related metric is completely integrable in the sense of Liouville, and furthermore that this conformally related metric possesses a separability structure. There are still black hole solutions of gauged supergravity theories with arbitrary angular momenta and charges that are yet to be discovered. We expect that these more general metrics are also conformally related to metrics with separability structures, like all of the examples considered here.
For simplicity, we have not attempted any detailed analysis of the higher-dimensional charged Kerr-NUT solution for which the two U(1) charges are unequal. There is no known simplification of the solution in this more general case, and this is a substantial obstacle to generalizing to gauged supergravity. We have, however, seen some simplification in the four-dimensional case, and this might serve as a guide to such generalizations.
